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HOPF ALGEBRAS OF PRIME DIMENSION IN POSITIVE
CHARACTERISTIC
SIU-HUNG NG AND XINGTING WANG
Abstract. We prove that a Hopf algebra of prime dimension p over an algebraically
closed field, whose characteristic is equal to p, is either a group algebra or a restricted
universal enveloping algebra. Moreover, we show that any Hopf algebra of prime dimension
p over a field of characteristic q > 0 is commutative and cocommutative when q = 2 or
p < 4q. This problem remains open in positive characteristic when 2 < q < p/4.
Introduction
The purpose of this paper is to classify Hopf algebras of prime dimension in positive
characteristic under the assumption that the characteristic of the base field equals the
dimension of the Hopf algebra. In characteristic zero, possible Hopf structure in prime
dimension was first conjectured by Kaplansky [8], and later proved by Zhu [18], which can
be summarized as the following celebrated theorem:
Theorem 0.1. A Hopf algebra of prime dimension over an algebraically closed field of
characteristic zero is a group algebra.
We are interested in the classification of Hopf algebras of prime dimension in positive
characteristic.
Question 0.2. Let H be a Hopf algebra of prime dimension p over an algebraically closed
field of positive characteristic q. Are the following true?
(1) When q = p, H is either a group algebra or a restricted universal enveloping algebra.
(2) When q 6= p, H is a group algebra.
It is worthy mentioning that, by using the famous Lifting Theorem established by Etingof
and Gelaki in [4], the answer to Question 0.2(2) is affirmative when q > p (cf. [4, Corollary
3.5]). While searching for general approaches, we discover that some of the techniques
developed in [5, 13], which was used in characteristic zero to study Hopf algebras of dimen-
sion being a product of two distinct primes, can be adapted in positive characteristic for
Question 0.2. As an application, we are able to provide an affirmative answer to Question
0.2 in the case when q = 2 or p < 4q, and narrow the problem down to the situation when
2 < q < p/4.
This paper is organized as follows. We will review and prove some representation theo-
retic results for finite-dimensional Hopf algebras in Section 1. The readers are referred to
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[11] for more details on some basic definitions and results for Hopf algebras. We present
our main theorems in Section 2.
1. Preliminary
Let k be a ground field of arbitrary characteristic. We use H to denote a finite-
dimensional Hopf algebra over k with comultiplication ∆ : H → H ⊗ H and antipode
S : H → H. Its dual vector space H∗ has a Hopf algebra structure induced from that of
H.
By an H-module we always mean a left module over H as an associated algebra. For
H-modules V andW , we give the tensor product V ⊗W an action of H via ∆. The left dual
V ∗ of an H-module V is the left H-module with the underlying space V ∗ = Homk(V,k)
and the H-action given by
(hf)(v) = f (S(h)v) , for h ∈ H, f ∈ V ∗, v ∈ V.
We can twist the action of an H-module V by the square of the antipode to obtain another
H-module S2V . More precisely, S2V = V as vector spaces with the S
2-twisted action given
by
h · v = S2(h)v, for h ∈ H, v ∈ V. (1.1)
One sees easily that S2V ∼= V
∗∗ as H-modules via the natural isomorphism j : V → V ∗∗ of
vector spaces. The category of finite-dimensional H-modules is a finite tensor category in
the sense of [6].
The following result was observed in the proofs of [10, Theorem 2.3(b)] and [5, Lemma
2.11], whose categorical explanation can be found in [6, Theorem 2.16]. The same result
has been explicitly stated in [13, Lemma 1.3] as well. We include its proof for the sake
of completeness with emphasis on the ubiquitousness of the approach regardless of the
characteristic of the base field k.
Lemma 1.1. Let V be a projective module over a nonsemisimple Hopf algebra H. Then
the trace of any H-module map φ : V →S2V is zero.
Proof. First we observe that the evaluation map ev : V ∗ ⊗ V → k and the dual basis map
db : k→ V ⊗ V ∗ given by db(1) =
∑
i vi⊗ v
i are all H-module maps, where {vi} is a basis
for V and {vi} is the dual basis for V ∗. Next, the composition of H-module maps
k
db
// V ⊗ V ∗
φ⊗id
//
S2V ⊗ V
∗ j⊗id // V ∗∗ ⊗ V ∗
ev
// k
is a scalar multiplication given by ev ◦ (φ ⊗ id) ◦ db(1) =
∑
i v
i(φ(vi)) = tr(φ). Suppose
tr(φ) 6= 0. Without loss of generality we can take tr(φ) = 1. Then k becomes a direct
summand of V ⊗ V ∗ via the embedding db and the projection ev ◦ (φ ⊗ id). Inasmuch as
V ⊗V ∗ is projective, by the fundamental theorem of Hopf modules [11, Theorem 1.9.4], we
conclude that k is projective as well. This forces H to be semisimple (cf. [9, §2.4]), which
is a contradiction to our assumption. Hence tr(φ) = 0. 
Recall that an H-module V is indecomposable in case it is nonzero and has no nontrivial
direct summands. We say a ring is local if it has a unique maximal one-sided ideal. If V
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is indecomposable, then the endomorphism ring EndH(V ) is local (cf. [1, 14]). Also note
that a finite-dimensional Hopf algebra H is local if and only if the dual Hopf algebra H∗ is
connected [11, Remark 5.1.7].
From now on, we assume k is algebraically closed, and denote by Irr(H) a complete set of
nonisomorphic simple H-modules. For any V ∈ Irr(H), the projective cover of V is denoted
by P (V ). Since H is a Frobenius algebra, we have (cf. [3, 61.13])
dimH =
⊕
V ∈Irr(H)
dimV · dimP (V ). (1.2)
For any H-module M and V ∈ Irr(H), we define [M : V ] to be the multiplicity of V
appearing as a composition factor ofM . Let V,W ∈ Irr(H). Since V ∗⊗P (W ) is projective,
it is a direct sum of indecomposable projective H-modules. More precisely,
V ∗ ⊗ P (W ) =
⊕
U∈Irr(H)
dim (HomH(V
∗ ⊗ P (W ), U)) · P (U)
=
⊕
U∈Irr(H)
[V ⊗ U : W ] · P (U). (1.3)
The idea of the next lemma comes from [5, Corollary 2.10].
Lemma 1.2. Suppose ord (S2) = qn (n ≥ 0) for some prime q with q ∤ dimH. Then there
exists some V ∈ Irr(H) satisfying q ∤ dimV , q ∤ dimP (V ) and V ∗∗ ∼= V as H-modules.
Proof. It is clear that the finite subgroup G := 〈S2〉 ⊂ Aut(H) acts on Irr(H) by twisting
the H-module structures as (1.1). Denote by O1,O2, · · · ,Oℓ the corresponding G-orbits in
Irr(H). According to (1.2), we get
dimH =
∑
1≤i≤ℓ
|Oi| · dimVi · dimP (Vi),
where Vi is any representative in Oi. Since q ∤ dimH, there is some index 1 ≤ r ≤ ℓ such
that q ∤ |Or|dimVr dimP (Vr). Since |Or| = |G|/|Stab(Vr)| = q
i for some i ≥ 0, we get
Or = {Vr}. This implies that Vr ∼=S2(Vr) ∼= (Vr)
∗∗. So Vr satisfies all the properties in the
statement. 
Our last lemma is derived from the proof of [13, Lemma 2.2(ii) and Corollary 2.3(II)].
Lemma 1.3. Let H be a nonsemisimple Hopf algebra over an algebraically closed field k
of characteristic q > 2 with S4 = id. If V is an indecomposable projective H-module of odd
dimension and V ∼= V ∗∗ as H-modules, then dimV ≥ q.
Proof. Let φ : V
∼=
−→ V ∗∗
∼=
−→ S2V be such an isomorphism of H-modules. Then φ
n ∈
EndH(V ) where n = ord (S
2). Since V is an indecomposable projectiveH-module, EndH(V )
is local (cf. [14]). Hence, by rescaling φ, we can assume φn to be unipotent. Moreover,
since n ≤ 2, the eigenvalues of φ can only be ±1. Let d± be the corresponding dimensions
of the ±1 generalized eigenspaces of φ. Then d+ + d− = dimV and d+ − d− ≡ 0 (mod q)
since tr(φ) = 0 by Lemma 1.1. So dimV = 2a +mq where a = min(d−, d+) and m is a
positive integer. So dimV ≥ q for dimV is odd. This concludes the proof. 
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2. Main results
Now we are able to provide an affirmative answer to address Question 0.2 in the case
when q = 2 or p < 4q.
Theorem 2.1. Let H be a Hopf algebra of prime dimension p over an algebraically closed
field k with characteristic p. Then H is isomorphic to one of the following:
(1) k[Cp];
(2) k[x]/(xp) with ∆(x) = x⊗ 1 + 1⊗ x;
(3) k[x]/(xp − x) with ∆(x) = x⊗ 1 + 1⊗ x.
Proof. By [4, Corollary 3.2(i)], H cannot be both semisimple and cosemisimple since
dimH = 0 in k. We can simply assume H to be nonsemisimple by duality. We first
show that H is cocommutative or equivalently H∗ is commutative. If p = 2, it is clear that
the 2-dimensional Hopf algebra H∗, which is spanned by 1 and another element x ∈ H∗, is
commutative. Now let p > 2.
We observe that the proof of S4 = id given in [18, Theorem 2] remains true in positive
characteristic. If H has a nontrivial group-like element g, then g must generate H by the
Nichols-Zoeller Theorem [12], and thus H ∼= k[Cp]. Therefore, S
2 = id. By the same
argument, if H∗ has a nontrivial group-like element, S2 = id. If neither H nor H∗ has
nontrivial group-like elements, we obtain S4 = id from the celebrated Radford’s formula
[15] of S4.
Now we have ord(S2) ≤ 2 and dimH = p > 2. Applying Lemma 1.2, there exists an
indecomposable projective H-module M of odd dimension such that M ∼= M∗∗. Hence
M = H since dimM ≥ p = dimH by Lemma 1.3. So H ∼= EndH(H) = EndH(M) is local
and H∗ is connected. It follows from the classification of all connected p-dimensional Hopf
algebras [17, Theorem 7.1] that H∗ is commutative.
Finally, since H is always cocommutative and k is algebraically closed, we know H is
pointed (cf. [11, §5.6]). If the coradical of H contains a nontrivial group-like element, as
discussed above, H is a group algebra as in case (1). Otherwise, H has trivial coradical,
namely, H is connected. Then H is a restricted universal enveloping algebra as in cases (2)
& (3) (cf. [17, Theorem 7.1]). 
We want to make a final remark regarding Question 0.2(2) that our technique presented
in this paper will generally fail if q < p. But when the ratio q/p between the two distinct
primes is greater than 1/4, we can still provide a positive answer by pushing our method a
little further. We need a few lemmas before establishing our second main result.
Lemma 2.2. Let H be a nonsemisimple Hopf algebra of prime dimension p over an alge-
braically closed field k of characteristic q 6= p. Then G(H) and G(H∗) are trivial and there
exists a simple H-module M satisfying dimP (M) > dimM > 1.
Proof. The case when q = 0 follows from the same proof of [13, Lemma 2.1(vi)]. We now
assume q 6= 0. If H∗ or H has nontrivial group-like element, then, by the Nichols-Zoeller
Theorem, H∗ or H is isomorphic to a group algebra over k. In particular, H is semisimple
and cosemisimple for q 6= p which contradicts the assumption of H.
Since H is nonsemisimple, P (k) 6= k and hence JP (k)/J2P (k) 6= 0, where J is the
Jacobson radical of H. Let V be a simple H-submodule of JP (k)/J2P (k). Suppose
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dimV = 1. Then V ∼= k and so Ext(k,k) 6= 0 (cf. [2, Lemma 1.3]). This implies the
existence of a nontrivial primitive element χ in H∗. The Hopf subalgebra of H∗ generated
by χ can only be of dimension ql for some positive integer l, and ql | p, a contradiction.
This forces dimV > 1 and Ext(k, V ) 6= 0.
By taking dual, we find dimV ∗ > 1 and Ext(V ∗,k) 6= 0. Therefore, k is submodule of
JP (V ∗)/J2P (V ∗). Thus, dimP (V ∗) ≥ dimV ∗ + 1. 
Next we consider the set
Γ(H) :=
{
(dimV,dimP (V )) ∈ N2 |V ∈ Irr(H)
}
. (2.1)
of dimension pairs of H. We show in the following lemma that |Γ(H)| > 2 and | Irr(H)| > 3
by adapting the proof of [13, Proposition 3.6].
Lemma 2.3. Let H be a nonsemisimple Hopf algebra of prime dimension p over an alge-
braically closed field k of positive characteristic q 6= p. Then |Γ(H)| ≥ 3 and |Irr(H)| ≥ 4.
Proof. It follows from Lemma 2.2 that |Γ(H)| ≥ 2. Suppose |Γ(H)| = 2. Then Γ(H) =
{(1,D0), (d1,D1)} where D1 > d1 > 1 (cf. Lemma 2.2). Let V ∈ Irr(H) such that
dimV = d1 and n the number of nonisomorphic simple H-modules of dimension d1. Then,
by (1.2), we have
p = D0 + nd1D1 . (2.2)
Since the multiplicity of P (k) in V ∗ ⊗ P (V ) is 1, all other indecomposable projective
summands of V ∗ ⊗ P (V ) are of dimension D1 and so
d1D1 = dim(V
∗ ⊗ P (V )) = D0 +mD1 (2.3)
for some nonnegative integer m. These two equations (2.2) and (2.3) imply
p = ((n+ 1)d1 −m)D1
but this is impossible as 1 < D1 < p by (2.2). Therefore, |Γ(H)| > 2 and hence | Irr(H)| > 2.
Suppose | Irr(H)| = 3. Let Irr(H) = {V0, V1, V2}, where V0 = k, and di = dimVi and
Di = dimP (Vi) for i = 0, 1, 2. Since G(H
∗) is trivial by Lemma 2.2, it follows that
d1, d2 > 1, and we may assume d1 < D1. Also, note that V
∗
i
∼= Vi for i = 1, 2 for otherwise
V ∗1
∼= V2 and hence |Γ(H)| = 2. For i, j, k = 0, 1, 2, write N
k
ij = [Vi ⊗ Vj : Vk] and we have
Nkij = [Vi ⊗ Vj : Vk] = [(Vi ⊗ Vj)
∗ : V ∗k ] = [V
∗
j ⊗ V
∗
i : V
∗
k ] = [Vj ⊗ Vi : Vk] = N
k
ji.
From (1.3), we get
diDk =
2∑
j=0
Nkij Dj for 0 ≤ i, k ≤ 2. (2.4)
By (1.2),
p =
2∑
j=0
djDj (2.5)
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which implies 1 < D1,D2 < p. Together with (2.4), we have
p =
2∑
j=0
(
dj + δjkdi −N
k
ij
)
Dj for all 0 ≤ i, k ≤ 2. (2.6)
By taking i = 1, k = 2 in (2.4) and i = k = 2 in (2.6), we obtain
N211D1 = (d1 −N
2
12)D2 = (d1 −N
2
21)D2 , (2.7)
p = (d1 −N
2
21)D1 + (2d2 −N
2
22)D2. (2.8)
By (2.4), 2d2 −N
2
22 ≥ d2 > 1. The equations (2.7) and (2.8) force d1 −N
2
21 > 0, otherwise
D2 is a nontrivial factor of p. Then, the equation (2.8) further implies gcd(D1,D2) = 1. So
D1 | d1 − N
2
21 by (2.7). Since D1 > d1, d1 −N
2
21 = 0, a contradiction! This completes our
proof. 
Theorem 2.4. Let H be a Hopf algebra of prime dimension p over an algebraically closed
field k with positive characteristic q < p. If H is nonsemisimple, then q 6= 2 and p > 4q.
As a consequence, H is isomorphic to a group algebra when q = 2 or p < 4q.
Proof. Suppose H is nonsemisimple. Then S2 6= id, otherwise tr(S2) = dimH 6= 0 in k,
which implies that H is semisimple by [16, Proposition 2(c)]. By Lemma 2.2, H and H∗
has no nontrivial group-like element. Therefore, S4 = id. Since S2 6= id, ord(S2) = 2.
If q = 2, then the eigenvalues of S2 can only be 1 and so tr(S2) = dimH 6= 0 (mod 2).
Therefore, q > 2. By Lemma 1.2, there exists V ∈ Irr(H) such that both V and P (V )
are of odd dimensions and V ∗∗ ∼= V as H-modules. Since P (V ) ∼= P (V ∗∗) ∼= P (V )∗∗,
dimP (V ) ≥ q by Lemma 1.3.
Let r = |Irr(H)|. Then r ≥ 4 by Lemma 2.3. Recall from (1.3) that P (k) is a summand
of U∗ ⊗ P (U) for any U ∈ Irr(H). Therefore, dimU · dimP (U) ≥ dimP (k), and we get
p
(1.2)
=
∑
U∈Irr(H)\{V }
dim(U∗ ⊗ P (U)) + dimV · dimP (V )
(1.3)
≥ (r − 1) dimP (k) + dimV · dimP (V ) ≥ 3 dimP (k) + q dimV .
Since P (V ) is a direct summand of V ⊗P (k), we have dimV ·dimP (k) ≥ dimP (V ). Since
dimV is odd, the preceding inequality becomes
p ≥ q ·
(
3
dimV
+ dimV
)
≥ 4q .
Since p is a prime, p > 4q. This completes the proof of the first assertion.
If q = 2 or p < 4q, then H and H∗ are semisimple by the first statement. Let O be
the ring of Witt vectors of k and K the field of fractions of O. By the Lifting Theorem
[4, Theorem 2.1], we can construct a Hopf algebra H over O which is free of rank p
over O satisfying H = H/qH. Then H0 = H ⊗O K is a p-dimensional Hopf algebra
over K. Since K is of characteristic 0, it follows from Theorem 0.1 that H ⊂ H0 are all
cocommutative. Therefore, H = H/qH is also cocommutative, and hence a group algebra
since k is algebraically closed.

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Corollary 2.5. Let H be a Hopf algebra of prime dimension p over a field k with positive
characteristic q. Then H is commutative and cocommutative when q = 2 or p < 4q.
Proof. The case when q > p is proved by Etingof and Gelaki in [4, Corollary 3.5]. It remains
to verify for q = 2 or 1/4 < q/p ≤ 1, which follows from Theorem 2.1 and Theorem 2.4 by
an algebraically closed field extension. 
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